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For some very wide lasses D and B ⊂ D of groups, the author proves that
an arbitrary (nonabelian) group G ∈ D (respetively G ∈ B) satises the
minimal ondition for (nonabelian) subgroups i it is Chernikov.
Reall that a group G is alled Shunkov, if for any its nite subgroup
K every subgroup of the quotient group NG(K)/K, generated by two
its onjugated elements of prime order, is nite. Reall that a group
is alled loally graded, if any its nitely generated subgroup 6= 1 on-
tains a subgroup of nite index 6= 1 (S.N.Chernikov). The lass of all
periodi Shunkov groups is wide and ontains, for instane, all binary
nite and 2-groups. The lass of all loally graded groups is very wide
and ontains, for instane, all abelian, loally nite, residually nite
groups. It is easy to see that this lass is loal and any group having a
series with loally graded fators is loally graded, and any residually
(loally graded) group is loally graded. At the same time, the lass
of all loally graded groups ontains all groups having a series with lo-
ally nite fators, all RN- (and so all groups of all Kurosh-Chernikov
lasses), loally solvable, loally hyperabelian, radial in the sense of
B.I.Plotkin, residually solvable groups.
Below, as usual, pi(G) is the set of all primes p for whih the group
G has a p-element 6= 1.
Let A be the lass of all groups G for whih the following onditions
are fullled:
(i) If G is not torsion-free, then for any p ∈ pi(G) and p-element
g 6= 1 of G and h ∈ CG(g
p), 〈g, gh〉 possesses a subgroup of nite
index 6= 1 or 〈g, h〉 is not periodi.
(ii) If G is not periodi, then for any element g of innite order of
G and h ∈ G, 〈g, gh〉 possesses a subgroup of nite index 6= 1.
The lass A is very wide and ontains, for instane, all periodi
Shunkov groups and all loally graded groups.
Let C be the lass of all groups G for whih (i), with "periodi 6= 1"
instead of "not torsion-free" and deleted "or 〈g, h〉 is not periodi",
is fullled (and (ii) is not neessary fullled). Then A is ontained
in C, C ontains all nonperiodi groups and the lass of all periodi
A-groups is just the lass of all periodi C-groups.
Let B (resp. D) be the minimal loal lass of groups ontaining
A (resp. C) suh that any group possessing a series with B (resp.
D)-fators belongs to B (resp. D). Put B0 = A (resp. D0 = C) and
for ordinals β > 0 by indution: if for some ordinal α, β = α+1, then
Bβ (resp. Dβ) be the lass of all groups whih have a loal system of
subgroups possessing a series with Bα (resp. Dα)-fators, and if there
is no suh α, thenBβ =
⋃
α<β
Bα (resp. Dβ =
⋃
α<β
Dα). For some ordinal
γ, B = Bγ (resp. D = Dγ). It is easy to show by indution that all
Bβ and, at the same time, B are losed with respet to subgroups.
The known Shunkov's [1℄ and S.N.Chernikov's [2℄ Theorems es-
tablish that a nonabelian group satisfying the minimal ondition for
nonabelian subgroups is Chernikov, if it is loally nite or has a series
with nite fators resp. The next Theorem ontains them.
Theorem. A (nonabelian) group G ∈ D (resp. G ∈ B) satises
the minimal ondition for (nonabelian) subgroups i it is Chernikov.
Note that Ol'shanskii's nonabelian groups, in whih all proper sub-
groups are nite (see [3℄), satisfy the minimal ondition for subgroups
and are non-Chernikov. Thus, in Theorem, the ondition "G ∈ D"
is essential. Note that Ol'shanskii's nonabelian torsion-free groups,
in whih all proper subgroups are yli (see [3℄), satisfy the minimal
ondition for nonabelian subgroups, are Shunkov and non-Chernikov.
In partiular, in Theorem, the ondition G ∈ B is essential.
Below min and min−ab are the minimal onditions for subgroups
and nonabelian subgroups resp. Other notations are standard. (Re-
mark that a group with min is periodi and an abelian group with min
is Chernikov.)
Proof. Suieny is obvious.
Neessity. Let G be non-Chernikov.
(a) Redution to the ase when G satises min−ab and also G ∈ A.
Let ζ be minimal among all ordinals α, for whih Bα (resp. Dα)
ontains a non-(Chernikov or abelian) group (resp. a non-Chernikov
group) with min−ab (resp. min). We may assume that G ∈ Bζ (resp.
G ∈ Dζ). Suppose ζ > 0. Clearly, for some ordinal ξ, ζ = ξ+1. So G
possesses a loal system of subgroups having a series with Bξ (resp.
Dξ)-fators. Every fator is, obviously, Chernikov or abelian (resp.
Chernikov). So G is loally graded. Thus G ∈ B0 (resp. G ∈ D0),
whih is a ontradition. So ζ = 0 and G ∈ A (resp. G ∈ C). In
the ase of min, G ∈ C and G is, obviously, periodi nonabelian with
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min−ab. In partiular, G ∈ A. Taking this into aount, we may
onsider later on only the ase of G ∈ A with min−ab.
Sine G satises min−ab, it ontains a non-(Chernikov or abelian)
subgroup L suh that any its proper subgroup is Chernikov or abelian.
We may assume that G = L. Then for every normal subgroup N of
G, any proper subgroup of G/N is Chernikov or abelian.
(b) Show that a subgroup H of G is Chernikov or abelian, if it has
a subgroup K of nite index 6= 1 or if it is almost solvable. Sine
K 6= G, K and so H are almost abelian. If H is almost solvable, then
in view of Corollary to Theorem 1 [2℄, Corollary 2 [2℄ and Lemmas 1,2
[2℄, it is Chernikov or abelian.
() Show that G is periodi. Let G have elements g of innite order.
Sine G ∈ A, every 〈g, gh〉 has a proper subgroup of nite index and
so is abelian (see (b)). Then for any u ∈ G, 〈gh : h ∈ G〉〈u〉 is non-
Chernikov solvable and so is abelian (see (b)). Thus g ∈ Z(G). Let
v ∈ G and |〈v〉| < ∞. Then vg is of innite order. So v = (vg)g−1 ∈
Z(G). Thus G is abelian, whih is a ontradition.
(d) Show that G/Z(G) is Shunkov. Let K/Z(G) be a nite
subgroup of G/Z(G). In view of Kaluznin's Theorem (see [4℄),
CG(K/Z(G))/CG(K) is abelian. So NG(K)/CG(K) is almost abelian.
If K/Z(G) 6= 1, then CG(K) 6= G and so CG(K) is almost abelian.
Thus NG(K) is almost solvable. SoNG(K) is Chernikov or abelian (see
(b)). Clearly, NG(K)/Z(G) = NG/Z(G)(K/Z(G)). Consequently, the
quotient group NG/Z(G)(K/Z(G))/(K/Z(G)) is Chernikov or abelian.
Therefore any two its elements of prime order generate a nite sub-
group.
Let K/Z(G) = 1 and R/Z(G) be a subgroup of G/Z(G) generated
by two its onjugated element of some prime order p. Obviously,
beause of Z(G) is periodi (see ()), for some p-elementg ∈ G suh
that gp ∈ Z(G) and some h ∈ G, R = 〈g, gh〉Z(G). Clearly, R/Z(G)
is isomorphi to a quotient group of the group 〈g, gh〉/〈gp〉. Sine
G ∈ A, 〈g, gh〉 has a subgroup of nite index 6= 1. So, with regard to
(b), 〈g, gh〉 is nite. Therefore R/Z(G) is nite.
(e) Show that G/Z(G) has an abelian non-Chernikov nonnormal
maximal subgroup A/Z(G) suh that
A/Z(G) ∩ (A/Z(G))g = 1, g ∈ (G/Z(G))\(A/Z(G)). (1)
If all proper subgroups of G/Z(G) are Chernikov, it satises min.
So beause of G/Z(G) is Shunkov (see (d)), by Suhkova-Shunkov
Theorem [5℄ it is Chernikov. So G is almost solvable, whih is a
ontradition (see (b)). So some maximal abelian subgroup A/Z(G)
of G/Z(G) is non-Chernikov. An arbitrary proper subgroup H ⊇ A
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of G is non-Chernikov. So it is abelian. Therefore H/Z(G) = A/Z(G)
and H = A. Thus A is an abelian maximal subgroup of G. If A
is normal in G, then |G : A| is prime and G is solvable, whih is a
ontradition (see (b)). Consequently, for any g ∈ G\A, G = 〈A,Ag〉.
Then A ∩ Ag ⊆ Z(G). But, learly, Z(G) ⊆ A,Ag. Thus A ∩ Ag =
Z(G). Therefore (1) is valid.
(f) Show that A/Z(G) has some element a of odd prime order.
Suppose that this is not the ase. Sine A/Z(G) is periodi (see ())
and neither yli nor quasiyli, it has some elements b and c 6= b of
order 2. Let h ∈ (G/Z(G))\(A/Z(G)). Then 〈b, ch〉 = 〈bch〉 ⋋ 〈b〉 =
〈bch〉 ⋋ 〈ch〉 and |〈bch〉| < ∞ (see ()). If |〈bch〉| is odd, then for
some s ∈ 〈bch〉, b = chs. Sine A/Z(G) is abelian and b, c ∈ A/Z(G),
hs /∈ A/Z(G). But b ∈ A/Z(G)∩(A/Z(G))hs, whih is a ontradition
(see (1)). So 〈bch〉 ontains some element w of order 2. But then
w ∈ CG/Z(G)(b) ∩ CG/Z(G)(c
h) = A/Z(G) ∩ (A/Z(G))h, whih is a
ontradition.
(g) Final ontradition. Let a be from (f). Sine G/Z(G) is
Shunkov (see (d)), for any h ∈ G/Z(G), |〈a, ah〉| < ∞. So with
regard to (1) by Sozutov-Shunkov Theorem [6℄, for some normal
subgroup N/Z(G) of G/Z(G), G/Z(G) = (A/Z(G))(N/Z(G)) and
A/Z(G) ∩ N/Z(G) = 1. Sine N 6= G and G/N is abelian, G is
almost solvable, whih is a ontradition (see (b)).
The following proposition is ontained in Theorem.
Proposition 1. Let G be a (nonabelian) group. Assume that G
is a periodi Shunkov or loally graded or 2- group. Then G satises
min (resp. min−ab) i it is Chernikov.
In view of Mal'ev Theorem (see Theorem 4.2 [7℄), a linear group
over a eld is loally residually nite. Further, for a ommutative and
assoiative ring R with 1 and any nitely generated unital module
M over R, AutR(M) is hyperabelian-by-residually (linear over elds)
(Theorem 13.5 [7℄). Consequently, AutR(M) is loally graded. Hene
follows that any GLn(R) is loally graded. Therefore, in virtue of
Theorem, the following proposition is valid.
Proposition 2. A (nonabelian) group G ⊆ AutR(M) or G ⊆
GLn(R) satises min (resp. min−ab) i it is Chernikov.
Finally, let E be the lass of all groups G for whih the following
onditions are fullled:
(i) If G is not torsion-free, then for any p ∈ pi(G) and p-element
g 6= 1 of G and h ∈ CG(g
p), 〈g, gh〉 possesses a B-homomorphi
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image 6= 1 or 〈g, h〉 is not periodi.
(ii) If G is not periodi, then for any element g of innite order of
G and h ∈ G, 〈g, gh〉 possesses a B-homomorphi image 6= 1.
Let F be the lass of all groups G for whih the following ondition
is fullled:
If G is periodi 6= 1, then for any p ∈ pi(G) and p-element g 6= 1 of
G and h ∈ CG(g
p), 〈g, gh〉 possesses a D-homomorphi image 6= 1.
Proposition 3. A (nonabelian) group G ∈ F (resp. G ∈ E)
satises min (resp. min−ab) i it is Chernikov.
Proof. Neessity. A orresponding homomorphi image of 〈g, gh〉
is generated by two elements. In the ase when it is not abelian, by
Theorem, it is nite. In the ase when it is abelian, it has a subgroup
of nite index 6= 1. Consequently, 〈g, gh〉 possesses a subgroup of nite
index 6= 1. So G ∈ C (resp. G ∈ A). Therefore by Theorem, G is
Chernikov.
Suieny is obvious.
Referenes
[1℄ Shunkov V.P. On abstrat haraterizations of some linear groups //
Algebra. Matries and matrix groups.  Krasnoyarsk: L.V.Kirenskii
In-te Physis Sib. Dept. Aad. Si USSR, 1970.  P. 554 (in Russian).
[2℄ Chernikov S.N. Groups with the minimal ondition for nonabelian sub-
groups // Groups with restritions for subgroups.  Kyiv: Naukova
dumka, 1971.  P. 96106. (in Russian).
[3℄ Ol'shanskii A.Yu. Geometry of dening relations in groups.  Mosow:
Nauka, 1989.  448 p. (in Russian).
[4℄ Kargapolov M.I., Merzljakov Ju.I. Foundations of the theory of groups.
 Mosow: Nauka, 1972.  240 p. (in Russian).
[5℄ Suhkova N.G., Shunkov V.P. On groups with the minimal ondition
for abelian subgroups // Algebra i logika.  1986.  25, 4.  P. 445
469 (in Russian).
[6℄ Sozutov A.I., Shunkov V.P. A generalization of the Frobenius theorem
to innite groups // Mat. sb.  1976.  100, 4.  P. 495506 (in
Russian).
[7℄ Wehrfritz B.A.F. Innite linear groups.  Berlin et.: Springer, 1973.
 228 p.
5
